Proceedings of 19th Annual Meeting in Mathematics (AMM2014)
Thammasat University, Rangsit Center, Pathum Thani, Thailand, March 20-22, 2014

Soft Homomorphisms of £-Soft Hypergroups

W. Phanthawimol'! and P. Yoosomran?*

' Department of Mathematics, Faculty of Sciences
Ramkhamhaeng University, Bangkok 10240, THAILAND
golfma35@yahoo.com
2Department of Mathematics, Faculty of Sciences
Ramkhamhaeng University, Bangkok 10240, THAILAND
fscipsylku.ac.th

Abstract : Soft set theory was introduced by Molodtsov in 1999 as a general mathemat-
ical tool for dealing with problems that contain uncertainity. In this paper, we provide a
definition of k-soft hypergroups and study some properties of homomorphisms of hyper-
groups (Z,opyz) and (Zy, oz, ) that induce soft homomorphisms on k-soft hypergroup and
ky,-soft hypergroup.
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1 Introduction

The set of integers, the set of rational numbers and the set of real numbers are denoted by
Z,Q and R, respectively.

A hyperoperation on a non-empty set / is a function o : H x H — P(H) ~. {@} where
P(H) is the power set of H. The value of (x,y) € H x H under o is denoted by x oy which
is called the hyperproduct of x and y. The system (H, o) is called a hypergroupoid. For
A,BC Handx € H, let

AoB= UaOb,on:AO{x} andxoAd = {x}oA.

acA
beB

The hypergroupoid (H,o) is called a semihypergroup if
(xoy)oz=xo(yoz) forallx,y,ze H.
A hypergroup is a semihypergroup (H, o) satisfying the condition
Hox=xoH=H forallxeH.

Then hypergroups are a generalization of groups.
Let (H,0) be a hypergroup and K be a non-empty subset of H, then K is called a
subhypergroup if (K, o) is a hypergroup.
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Let (Hj,0) and (Ha,*) be two hypergroupoids. The map f: Hy — H, is called a good
homomorphism if for all x,y € H; the following relation holds: f(xoy) = f(x)* f(y) and
is called an (inclusion) homomorphism if f(xoy) C f(x)* f(»).

We denoted Hom((H,0), (Ha,*)), GHom((H),0), (H2,%)), the set of all (inclusion)
homomorphism and the set of all good homomorphism from (H,o) into (H,*), respec-
tively. Let Hom(H, o), GHom(H, o) stand for Hom((H, o), (H,0)) and GHom((H, o), (H,0))
respectively. For f € Hom((H;,0), (Ha,*)), f is called an epimorphism if /(H;) = H,. We
denote Epi((H,0), (Ha,*)) and GEpi((H,,0),(Ha,*)) for the set of all epimorphisms and
the set of all good epimorphisms from (Hj,o) into (Hy,*), respectively. Let Epi(H,o),
GEpi(H, o) stand for Epi((H,0), (H,o)) and GEpi((H,o), (H, o)) respectively.

Example 1.1. /2] Let G be a group and N a normal subgroup of G. If oy is the hyperop-
eration defined on G by

xoyy=xyN forallx,yeG,
then (G,oy) is a hypergroup.

Example 1.2. /2] Let G be a group. For x,y € G, define
xoy =<x,y >, the subgroup of G generated by x and y,

then (G, o) is a hypergroup. Note that if (4,+) is an abelian group, then xoy = Zx + Zy
Jorallx,y € A.

Let U be an initial universe set and £ be a set of parameters. The power set of U is
denoted by P(U) and 4 is a subset of E.
A pair (F,A4) is called a soft set over U, where F' is a mapping given by

F:4— PU).

The set Supp(F,4) = {x € A|F(x) # @} is called the support of the soft set (F,A). If
Supp(F,A) # @, then a soft set (F,A) is called non-null.

Let (F,A) and (G, B) be two soft sets over U and U’ respectively, f: U —U’, g: 4 — B
be two functions. Then we say that pair (f,g) is a soft function from (F,A) to (G,B)
denoted by (f,g) : (F,4) — (G,B) if it satisfies

for all x € 4. If f and g are injective (resp. surjective, bijective), then (f,g) is said to be
injective (resp. surjective, bijective).

Example 1.3. /1] Let us consider a soft set (F,E) which describes the “attractiveness of
houses” that Mr. X is considering for purchase.

Suppose that there are six houses in the universe U = {h;, hy, h3,ha, hs, he} under con-
sideration, and that E = {e;,e2,e3,es,es5} is a set of decision parameters. The e;(i =
1,2,3,4,5) stand for the parameters “expensive”, "beautiful”’, “wooden”, “cheap” and
“in green surroundings” respectively.

Consider the mapping F given by "houses(*)”, where (x) is to be filled in by one of
the parameters e; € E. For instance, F(e1) means “houses(expensive)”, and its functional
value is the set {h € U : h is an expensive house}.



Proceedings of AMM2014 211

Suppose that F(e1) = {ha,ha}, F(ez) ={h1,h3}, F(e3) =&, F(es) = {hi1,h3,hs} and
F(es) ={h}. Then we can view the soft set (F,E) as consisting of the following collection
of approximations.

(F,E) = {(expensive houses,{hy,ha}), (beautiful houses,{hy,h3}),(wooden houses, ),
(cheap houses,{hy,h3,hs}), (in the green surroundings,{h})}.

Each approximation has two parts: a predicate and an approximate value set.

2 Preliminaries

2.1 Hypergroups

From Example 1.1, let (Z,+),(Z,,+) be groups and mZ, mZ,, are subgroups of (Z,+), (Z,,+),
respectively. Then (Z,0,,z) and (Z,,0,z,) are the hypergroups where

XOopuzy=Xx+y+mi Nx,y€Z
XOomz, Yy =x+y+mZ, Vx,yeclZ.
Theorem 2.1. [4] For f: 7 — Z, the following statements are equivalent:
(i) f€Hom(Z,ouz).
(ii) f(x+mZ) Cxf(1)+mZ for all x € Z.

(iii) There exists an integer a such that

fx+mZ) Cxa+mZ.

Theorem 2.2. [4] For f: 7 — Z, f € Epi(Z,0uz) if and only if
(i) f(x+mZ)=xf(1)4+mZ for all x € Z and

(ii) f(1) and m are relatively prime.

Theorem 2.3. [4] For f: Z,, — Z,, the following statements are equivalent:

(i) f€Hom(Zy,omz,).

(ii) f(x+mZy,) Cxf(1)+mZ, for all x € 7.

(iii) There exists an integer a such that

f(x+mZy,) Cxa+mZ,.

Theorem 2.4. [4] For f: Zy, — Zy, | € Epi(Zy,omz,) if and only if
(i) f(x+mZpy) =xf(1_) +mZy, for all x € 7 and

(ii) If f(1) = a for a € Z, then a and (m,n) are relatively prime.
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2.2 Soft Hypergroup

Let (F,4) be a non-null soft set over H. Then (F,A) is called a soft hypergroup over H if
F(x) is a subhypergroup of H for all x € Supp(F,A).

Let (F,A) and (G, B) be two non-empty soft hypergroupoids over H; and H,, respec-
tively. Let (f,g) be a soft function from (F,4) to (G,B). If f is an inclusion (resp. good)
homomorphism from H; to Ha, then (f,g) is said to be a soft inclusion (resp. good) ho-
momorphism of hypergroupoids.

For soft hypergroups (F,4) and (G, B) over H, and H, respectively. Denote the set of
all soft inclusion homomorphisms and the set of all soft good homomorphisms from (F, 4)
to (G,B) by SfHom((F,4)(#, ), (G, B)(#,.+)) and SEGHom((F,4)#, o), (G, B) (1, 4))» TE-
spectively. Let SfHom((F,4),(G,B)) x,0) and S{GHom((F,4), (G, B))(#,-) stand for
StHom ((F, H ) (11,0), (G, H) (11,0)) and SETGHom ((F, H ) 11,0y, (G, H ) (11,0)) Tespectively.

2.3  k-Soft Hypergroup and 4,-Soft Hypergroup
Form € Z*. Let F : Z — P(Z) be a mapping given by

ro= {7

Then (F,Z) is a soft set over Z. Since F(x) # & for all x € Z, then Supp(F,Z) # &. Hence
(F,Z) is a non-null.

Proposition 3.1 and 3.2 are shown that (kZ,0z), (kZy,0mz,) are subhypergroups of
(Z,omz), (Zyn,omz,) respectively. For a hypergroup (Z, 0,z). If k|m, then (Fj,Z) is called
a k-soft hypergroup over 7 where Fj, : Z — P(Z) defined by

A= {1

For a hypergroup (Z,,0pz,). If (k,n)|(m,n), then (Fi,Z,) is called a k,-soft hypergroup
over Z, where Fj, : Z, — P(Z,) defined by

_ J KL (x,n)|(m;n)
F"(x)_{zn (x,n) 4 (m,m).
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3 Main Results

Throughout this Section, let (Z,0,,z) and (Z,,0uz,) be hypergroups, (Fj,Z) and (G, Z)
be k-soft hypergroups over Z and (F,Z,) and (Gy,Z,) be k,-soft hypergroups over Z,,.

Proposition 3.1. Form € Z", if k|m then (kZ,0,,7) is a subhypergroup of (Z,omz,).

Proof. Since k|m then mZ < kZ. Thus for every x € kZ,
kZ. 07, x = U (l OmZx)
tekZ

= |J (t+x+m2Z)
tekZ

=kZ +x+mZ = kZ.

Similarly, x 0,,7 kZ = kZ.
Hence (kZ,0,,7) is a subhypergroup of (Z,0,,7). O

Proposition 3.2. For m,n € 2%, if (k,n)|(m,n) then (kZy,omz,) is a subhypergroup of
(Zna OmZn)‘
Proof. Since (k,n)|(m,n) then mZ, < kZ,. Thus for every x € kZ,
kZ OmZ, )?: U (?OmZ,, );)
tekZ
= (t+x+mZy)
1€k
=kZ,+x+mZ, =kZ,.

Similarly, x oz, kZ, = kZ,.
Hence (kZ,,0mz,) is a subhypergroup of (Zy, oz, ). O

Theorem 3.3. For m,k € Z" and k|m. If f € Hom(Z,0,7), then f(x+mZ) C kZ for all
X € kZ.

Proof. Assume f € Hom(Z,0,;7) and k|m. Then m = ks for some s € Z. Let x € kZ. Then
x =kt for some ¢ € Z. Since f(a+mZ) Caf(1)+mZ foralla € Z,

fx+mZ) Cxf(1)+mZ
=kt f(1)+ (ks)Z
Chtf(1)+kZ
CKZ.

Corollary 3.4. For n,m,k € Z" and (k,n)|(m,n). If f € Hom(Z,,0uz,),
then f(x+mZ,) C kZ, for all x € kZ,,.
Theorem 3.5. For m.k € Z and k|m. Then

a
kZ = (1-k+mZ)U...U(ak+mZ) = | J(ik+mZ)
i=1

where ak = m.
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Proof. Since k|m and m,k € Z*, ak = m for some a € Z*. For x € Z, by the Division
Algorithm, x = ag +r for some ¢, € Z and 0 < r < a. Then

kx =k(aqg+r)
=kaq+rk
=mq+rk € rk+mZ.

a
Therefore kZ C U (ik+mZ).
i=1
Fori=1,...qa,lety € ik+mZ. Then y = ik + mt for some ¢t € Z. Thus

y=ik+akt =k(i+at) € kZ,

a
so ik +mZ C kZ. Therefore U (ik+mZ) C kZ.
i=1

a
Hence kZ = U (ik+mZ). O

i=1
Corollary 3.6. For n,m.k € Z and (k,n)|(m,n). Then

kZ,=(1 ./;—i—mZ)U...U(al;—}—mZn) = U(i];+mzn)

i=1
where a(k,n) = n.

Theorem 3.7. For m,k € Z", klm and | € Hom(Z, 0,z). If g is an identity mapping, then
(f,g) € StHom((Fi,Z), (G, Z)) (2.0,y) if and only if f(1) and m are relatively prime and
xf(1)+mZ C f(x+mZ) forx=1,...,m.

Proof. Let g be an identity map and /' € Hom(Z, 0,,z).

Assume that (f,g) € SfHom((F;,Z), (Gk,Z))z,0,,)- S0 f(Z) = Z. Hence f is onto.
By Theorem 2.2, /(1) and m are relatively prime and x /(1) +mZ C f(x + mZ) for x =
1,...,m.

Conversely, assume that /(1) and m are relatively prime and x (1) +mZ C f(x+mZ)
forx=1,...,m, we will show that f(Fj(x)) = Gr(g(x)) for all x € Z.
If Fi.(x) = Z. By Theorem 2.2, f(Z) = Z.
If Fi(x) = kZ. Then

a

f(kZ) = f(U (itk+mZ)) (by Theorem 3.5)

i=1

Il
C-

flik+mZ)

Il
=

I
C-

(ikf(1)4+mZ) by f € Hom(Z,0u7) and xf (1) +mZ C f(x+ mZ).

Il
=

Since f(1) and m are relatively prime, if(1) +mZ # jf(1) +mZ for i # j. By Theorem
a

3.3, thatis f(x+mZ) C kZ for all x € kZ. We have f(kZ) = U (ikf(1)+mZ) = kZ.
i=1
Therefore (f,g) € SfHom((F,Z), (Gk,Z))(Z,Omw. O
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Corollary 3.8. For an identity mapping g,
/€ Epi(Z,omz) if and only if (f,g) € StHom((Fy, Z),(Gk, Z))(z.0,7)-

Theorem 3.9. For m,k,n € ", (k,n)|(m,n) and f € Hom(Z,,0mz,). If g is an identity
mapping, then (f,g) € StHom((Fi,Zn),(Gk,Zn)) (z,.0,,) If and only if f(1) and (m,n)

are relatively prime and xf(1) +mZy C f(x+mZy) forx=1,..., "

(m,n)’
Proof. Let g be an identity map and /"€ Hom(Z,, opz, ).

Assume that (f,g) € StHom((Fk, Zn), (Gk,Zn))(2,.0,7,)- SO J(Zn) = Zn. Hence f
is an onto. By Theorem 2.4, /(1) and (m,n) are relatively prime and xf(1) + mZ, C

f(x_—I—mZ,,)forle,...,(mL’nl. )

Conversely, assume that /(1) and (m,n) are relatively prime and xf(1) +mZ, C f(x+
mZy,) forx=1,..., (an, we will show that f(Fy(x)) = Gx(g(x)) for all x € Z.

If Fy(x) = Z,. By Theorem 2.4, f(Z,) = Z,.
If Fi(x) = kZ,. Then

a

Sz = (U (ik+mZy,)) (by Corollary 3.6)
i=1
= U (ik+mZ,)
i=1
= O(il?f(f) +mZy,) by f€Hom(Z,opy,) and xf (1) +mZ, C f(x+mZy).
i=1

Since f(1) and (m,n) are relatively prime, if(1)+mZ, # jf(1)+mZ, for i # j. By Corol-
a

lary 3.4, thatis f(x+mZ,) C kZ, for all x € kZ,,. We have f(kZ,) = U(ikf(l) +mZy,) = kZy.
i=1

Therefore (f,g) € StHom((Fy, Zn), (Gx, Zn)) O

vaomZyl > :

Corollary 3.10. For an identity mapping g,
J € Epi(Zn, omz,) if and only if (f,g) € StHom((Fi, Zn), (Gk: Zn)) (21,00,)

Example 3.11. Consider m =12, f € Hom(Z,0127) so (f,g) is a soft inclusion homomor-
phism from (Fy,7) into (G4, Z) where f(1) =5,5x+ 127 C f(x+ 127Z) and g is an identity
map.

If 5x+12Z & f(x+ 12Z) then f(x+ 12Z) # 5x+ 127Z. So

3

14z) = f(|J4i+122))

i=1

=Jf4i+127)

#J@if(1)+122)

= (8+12Z) U (4+ 127) U (12Z) = 4Z.
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Hence f(4Z) # 4Z and (f,g) ¢ SfHom((Fy,Z),(Gs,Z))(
11

If £(1) =3 then f(Z) # Z since Z = | J(i+ 127Z)
i=1

Z,o127)"

11

1(2)=r(J(i+122))

i=1

11
U f(i+127)

i=1
11

=J(if(1) +122)

i=1
= (34 12Z) U (64 12Z) U (9+12Z) U (12Z) # Z.

Hence (f,g) ¢ SfHom((F4,Z),(G4,2)) (z,015,)-

In conclusion, we will see that soft homomorphisms on (Z,0,,7) preserves k-soft hy-
pergroups that is the following corollary.

Corollary 3.12. Form € Z" and g is an identity mapping. If (f,g) € SfHom((Fy, Z),(G1,Z)) z,0,,):
then k= 1.
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